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Games in characteristic function form

» Teorema (Shapley, 1953)

There exists a unique solution Sh: GV — R" that satisfies additivity,
symmetry, efficiency and nullity axioms. Furthermore it is given by

sh(v) = 3 2= =D (s U giy) - w(s)]
SCN '
SFi
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Games with ¢ n structures(Aumann and Dréze (1974)).
Gar tition fun orm (N on, 1977).

Games with coopera

Games in characteristic function form

» Teorema (Shapley, 1953)

There exists a unique solution Sh: GV — R" that satisfies additivity,
symmetry, efficiency and nullity axioms. Furthermore it is given by

Shi(v) =Y w [V(SU{i}) - v(S)]
SchN ’
SFi

» Definicién
For a given o € (O, %] the solution ¢ is said to satisfy a-minimum payoff
in HC GV if and only if
pi(v) = av(N)

forall ie N and v € H.
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Games in characteristic function form (Shapley, 1953)
Games with ition structures(
Games in partition functi
Games with cooperatio

Games in characteristic function form

Let GV be the set of all cooperative games. Then for all a € (O, ﬂ
there exists a unique linear solution satisfying a-minimum payoff in GV.
Furthermore, it is the egalitarian solution

v(N)

pi(v) =

forallie N and v € H.
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Games in characteristic function form

> Let
Gy = {v e G" | v superadditive, v({i}) >0 Vi € N}

be the cone of non-negative superadditive games.
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Games in partition functi
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Games in characteristic function form

> Let
Gy = {v e G" | v superadditive, v({i}) >0 Vi € N}

be the cone of non-negative superadditive games.

If v e GY then Sh(v) > 0.
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Games in characteristic function form

> Let
Gy = {v e G" | v superadditive, v({i}) >0 Vi € N}

be the cone of non-negative superadditive games.
» If v € GV then Sh(v) > 0.

» Axiom [Quasi-nullity] The solution ¢ is said to be quasi-null with
respect to a € (07 ﬂ if and only if

pi(v) = av(N)

for every null player i in v € GV.
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Games in characteristic function form

» Teorema
For all o € (0, 2], there exists a unique solution satisfying additivity,

symmetry, efficiency and quasi-nullity axioms, and it is the value
defined for all v € GN and all i € N, by

vi(v) = (1 — an)Sh;(v) + av(N)
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For all o € (0, 2], there exists a unique solution satisfying additivity,

symmetry, efficiency and quasi-nullity axioms, and it is the value
defined for all v € GN and all i € N, by

vi(v) = (1 — an)Sh;(v) + av(N)
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Games in characteristic function form (Shapley, 1953).
Games with ¢ n structures(Aumann and Dréze (1974)).
Gar tition fun orm (N on, 1977).

Games with coopera

Games in characteristic function form

» Teorema
For all o € (O %] there exists a unique solution satisfying additivity,

symmetry, efficiency and quasi-nullity axioms, and it is the value ¢
defined for all v e GN and all i € N, by

vi(v) = (1 — an)Shi(v) + av(N)
» Corollary
The solution defined for all i € N by
vi(v) = (1 — an)Shi(v) + av(N)

. . .. . N
satisfies a-minimum payoff in G.'.
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Games in characteristic function form (Shapley, 1953).
Games with ¢

Games in characteristic function form

» Teorema
For all o € (0 %] there exists a unique solution satisfying additivity,

symmetry, efficiency and quasi-nullity axioms, and it is the value ¢
defined for all v e GN and all i € N, by

vi(v) = (1 — an)Shi(v) + av(N)
» Corollary
The solution defined for all i € N by
vi(v) = (1 — an)Shi(v) + av(N)

satisfies a-minimum payoff in G.
» Moving a from % to 0 we get a continuous transition from our
solution approaching Shapley’s value.
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Games with cooperation graphs Myers

Games with coalition structures

» Definicién
A coalition structure B is a finite partition B = {By, ..., By} of the set
of players (i.e., U Bk—N Sk # @ Vk and B, N Bj = @ Vk # j). The
set of all coa||t|on structures of N is denoted by PT. A game with
coalition structure 9B is a pair (B, v) € PT x GV.
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Games in characteristic function form (Shapley, 1953).
Games with coal n structures(Aumann and Dréze (1974))
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Games with coalition structures

» Definicién
A coalition structure B is a finite partition B = {By, ..., By} of the set
of players (i.e., U Bk—N Sk # @ Vk and B, N Bj = @ Vk # j). The
set of all coa||t|on structures of N is denoted by PT. A game with
coalition structure 9B is a pair (B, v) € PT x GV.

» Given N and B, Aumann and Dréze (1974) proposed and
characterized a “B-value”, which is a function ¢ : PT x GN — R”

obeying the following conditions.
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Games with coalition structures

» Axiom [Relative efficiency] For all k, [¢(B, v)] (Bk) = v(Bk).

Francisco Sanchez Sanchez Cooperative Games with



Games with coalition structures

» Axiom [Relative efficiency] For all k, [¢(B, v)] (Bk) = v(Bk).
» Axiom [Symmetry] For all permutations 6 of N under which B is
invariant,

[¢(B,6- V)] (S) = [¢(B, V)] (6(5))
where (6 - v)(S) = v(0(S5)).
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Games with coalition structures

» Axiom [Relative efficiency] For all k, [¢(B, v)] (Bk) = v(Bk).

» Axiom [Symmetry] For all permutations 6 of N under which B is
invariant,

[¢(B,6- V)] (S) = [¢(B, V)] (6(5))
where (6 - v)(S) = v(0(S5)).
» Axiom [Additivity] ¢(B, v + w) = ¢(B, v) + ¢(B, w) for all
(B, v),(B,w) € PT x GV.
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Axiom [Relative efficiency] For all k, [¢(B, v)] (Bk) = v(Bk).

Axiom [Symmetry] For all permutations 6 of N under which 9B is
invariant,

[¢(B,6- V)] (S) = [¢(B, V)] (6(5))
where (6 - v)(S) = v(0(S5)).

Axiom [Additivity] ¢(B, v + w) = ¢(B, v) + ¢(B, w) for all
(B, v),(B,w) € PT x GV.

Axiom [Nullity] Let (B,v) € PT x GV and i € N. If i is a null
player in v, then ¢;(B,v) = 0.
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Games in characteristic function form (Shapley, 1953).

s in partition function form (M
Games with cooperation graphs Myerson (1977).
References

Games with coalition structures

Teorema (Aumann and Dréze, 1974)

Fix N and 8 = {B1, By, ..., Bn}. Then there is a unique value ¢
satisfying relative efficiency, symmetry, additivity and nullity axioms, and
it is given for all k =1,2,....m, and all i € By, by

¢i(B,v) = Shi(v|g,)

Francisco Sanchez Sanchez Cooperative Games with Minimum Payoffs



Games in characteristic function form (Shapley, 1953).
Games with coalition structures(Aumann and Dréze (1974)).
ames in partition function form (Myerson, 1977).

Games with cooperation graphs Myerson (1977).

References

Games with coalition structures

ancisco Sanchez Sanchez Cooperative Games



Games in characteristic function form (Shapley, 1953).
Games with coalition structures(Aumann and Dréze (1974)).
Games in partition function form (My
Games with cooperation graphs Mye
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Games with coalition structures

» Definicién
Let (B, v) € PT x GV, where B = {By, B,, ..., By}, and a vector
a = (a1,0,...,a,) with ay € (O, bik} We will say that a solution ¢

satisfies a-minimum payoff in H C GV if and only if
vi(B,v) > arv(Bx)

forall k=1,2,....m, i€ B, and v € H.
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Games with coalition structures

» Definicién
Let (B, v) € PT x GV, where B = {By, B,, ..., By}, and a vector
a = (a1,0,...,a,) with ay € (O, bik} We will say that a solution ¢

satisfies a-minimum payoff in H C GV if and only if
vi(B,v) > arv(Bx)
forall k=1,2,....m, i€ B, and v € H.

» Axiom [Quasi-nullity] Let (B,v) € PT x GN and i € B, € B. If i is
a null player in v, then the solution ¢ is said to be quasi-null with

respect to ay € (0, b%} if and only if ©;(B, v) = akv(Bx).
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Games in characteristic function form (Shapley, 1953).
Games with coalition structures(Aumann and Dréze (1974)).
ames in partition function form (My
Games with cooperation graphs Mye
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Games with coalition structures

» Teorema
Fix B = {By, By, ..., Bn} and a = (a1, a2, ..., xm) with oy € (O, b%}

There exists a unique solution ¢ : PT x GN — R" satisfying relative
efficiency, symmetry, additivity and quasi-nullity axioms, and is given for
all k =1,2,....m, and all i € By, by

QO,'(%, V) = (1 — Ozkbk)qb,'(%, V) + (JékV(Bk)
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» Teorema
Fix B = {By, By, ..., Bn} and a = (a1, a2, ..., xm) with oy € (O, b%}

There exists a unique solution ¢ : PT x GN — R" satisfying relative
efficiency, symmetry, additivity and quasi-nullity axioms, and is given for
all k =1,2,....m, and all i € By, by

QO,'(%, V) = (1 — Ozkbk)qb,'(%, V) + (JékV(Bk)
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Games in teristic function form (Shapley, 1953).
Games with coalition structures(Aumann and Dréze (1974)).
ames in partition function form (N
Games with coopera

Games with coalition structures

» Teorema
Fix B = {B1, Ba, ..., Bm} and a = (a1, a2, ..., aum) with ax € (o, ,ﬂ.

There exists a unique solution ¢ : PT x GN — R" satisfying relative
efficiency, symmetry, additivity and quasi-nullity axioms, and is given for
all k =1,2,...,m, and all i € By, by

30,'(%, V) = (1 — Ozkbk)(b,'(gB, V) + OékV(Bk)

» Corollary
The solution

QD,'(%, V) = (1 — akbk)¢,-(‘B, V) + CMkV(Bk)

satisfies a-minimum payoff in GB«, for all k = 1,2,...,m and all i € By.
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Games in acteristic function form (Shapley, 1953).
Games with ¢ n structures(Aumann and Dréze (1974)).
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Games in partition function form

» Given N, let
ECL={(5,Q)| S Qe PT}

be the set of embedded coalitions.
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» Given N, let
ECL={(5,Q)| S Qe PT}

be the set of embedded coalitions.
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Games
Games with ¢
Games in partition function
Games with cooperation graphs Mye

Games in partition function form

» Given N, let
ECL={(5,Q)| S Qe PT}

be the set of embedded coalitions.
» Definicién
A mapping
w: ECL— R

that assigns a real value, w(S, Q), to each embedded coalition (S, Q) is
called a game in partition function form. The set of games in partition
function form with player set N is denoted by PG, i.e.,

PG ={w|w:ECL— R}
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Games in partition function form

» The value w(S, Q) represents the payoff of coalition S, given the
coalition structure Q forms. For any w € PG and any Q € PT, we
adopt the convention that w(@, Q) = 0.
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Games in partition function form

» The value w(S, Q) represents the payoff of coalition S, given the
coalition structure Q forms. For any w € PG and any Q € PT, we
adopt the convention that w(@, Q) = 0.

» For any Q, Q € PT, define

QAQR={5NS5|5€Q,5€Q,5nS#a}
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Games with ¢
Games in partition function
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Games in partition function form

» The value w(S, Q) represents the payoff of coalition S, given the
coalition structure Q forms. For any w € PG and any Q € PT, we
adopt the convention that w(@, Q) = 0.

» For any Q, Q € PT, define

QAQR={5NS5|5€Q,5€Q,5nS#a}

» Axiom [Additivity] The solution ® is additive if
(D(Wl + W2) = (D(Wl) + (D(Wz)

for all wy, wsr € PG.
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Games in partition function form

» Axiom [Symmetry] The solution ¢ is said to be symmetric if and
only if ®;(w) = ®y(;(0 - w) for every € S, every w € PG and
every i € N, where the game 6 - w is defined as

(0-w)(S, Q) =w[7'(S, Q)]
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Games in partition function form

» Axiom [Symmetry] The solution ¢ is said to be symmetric if and
only if ®;(w) = ®y(;(0 - w) for every € S, every w € PG and
every i € N, where the game 6 - w is defined as

(0-w)(S, Q) =w[7'(S, Q)]

> Given w € PG and S € 2V\{@}, we say that S is a carrier of w if
and only if w(S,Q) =w (SNS,QA{S,N\S}). The next axiom
suggests that all available wealth should be divided among the
members of a carrier.
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Games i istic function form |Slnpl'y 1953).
Games with ¢ (Aumann and Dréze (1974)).
Games in parti ion form (Myerson, 1977).

Games with cooperation graphs Myerson

Re

Games in partition function form

» Axiom [Symmetry] The solution ¢ is said to be symmetric if and
only if ®;(w) = ®y(;(0 - w) for every € S, every w € PG and
every i € N, where the game 6 - w is defined as

(0-w)(S, Q) =w[7'(S, Q)]

> Given w € PG and S € 2V\{@}, we say that S is a carrier of w if
and only if w(S,Q) =w (SNS,QA{S,N\S}). The next axiom
suggests that all available wealth should be divided among the
members of a carrier.

» Axiom [Carrier] For all w € PG and all S € 2N\{@}, if S is a carrier

of w, then
> oi(w) = w(N,{N})

i€S
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Games in characteristic function form (Shapley, 1953).
Games with on structures(Aumann and Dréze (1974)).
Games in partition function form (Myerson, 1977).
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References

Games in partition function form

Teorema (Myerson, 1977)
The solution ® : PG — R" given by

- 1 1
oi(w)= D (-1)7}(q-1) P > CERCED) w(S, Q)

(S,Q)eECL TEQ\{S},i¢T

for each i € N and each w € PG, is the unique solution satisfying
additivity, symmetry and carrier axioms.
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Games with uctures(Aumann and Dréze (1974)).
Games in partition function form (Myerson, 1977).

Games with cooperatio phs Myerson (1977).
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Games in partition function form

» Definicién
For a given o € (0, 1], the solution ¢ is said to satisfy a-minimum payoff
in H C PG if and only if

pi(w) = aw(N, {N})

forallie N and w € H.
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Games in partition function form

» Definicién
For a given o € (0, 1], the solution ¢ is said to satisfy a-minimum payoff
in H C PG if and only if

pi(w) = aw(N, {N})

forallie N and w € H.

» Axiom [Quasi-carrier] For all w € PG and all S € 2V\{@}, if Sis a
carrier of w, then
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Games in partition function form

» Teorema

For all o € (0, 2], there exists a unique solution satisfying additivity,
symmetry and quasi-carrier axioms, and it is the value ¢ defined for all
w € PG and all i € N, by

wi(w) = (1 — an)®;(w) + aw(N,{N})
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» Teorema

For all o € (0, 2], there exists a unique solution satisfying additivity,
symmetry and quasi-carrier axioms, and it is the value ¢ defined for all
w € PG and all i € N, by

wi(w) = (1 — an)®;(w) + aw(N,{N})
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Games in partition function
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Games in partition function form

» Teorema
For all o € (0, 2], there exists a unique solution satisfying additivity,

symmetry and quasi-carrier axioms, and it is the value ¢ defined for all
w € PG and all i € N, by
pi(w) = (1 — an)®;(w) + aw(N, {N})
» Corollary
The solution defined for all i € N by
pi(w) = (1 —an)®i(w) + aw(N,{N})

satisfies a-minimum payoff in H = {w € PG | ®(w) > 0}.
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Games with cooperation graphs

Lets denote by,
» gV ={{i,j}|i,jeN, i#j}
» GR={g|gcg"}
» Given g € GRand S C N,

S/g ={{i|iandj are connected in S by g} | j € S5}
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in partition function form (Myerson, 1977).

Games with cooperation graphs Myerson (1977).

References

Games with cooperation graphs

» Definicién
An allocation rule for v € G" is any function Y : GR — R”" such that

> Yilg) = v(S)

ieS

for every g € GR and every S € N/g.
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Games with cooperation graphs

» Definicién
An allocation rule for v € G" is any function Y : GR — R”" such that
> Yi(g) = v(S)
ies

for every g € GR and every S € N/g.
>
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Games with cooperation graphs

» Definicién
An allocation rule for v € G" is any function Y : GR — R" such that

> Yilg) = v(8)

ieS
for every g € GR and every S € N/g.
» Definicién
An allocation rule is fair if and only if
Yi(g) — Yi(g\{i.j}) = Yi(g) — Yi(g\{i,j})

for every g € GR and every {i,j} € g.
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Games with cooperation graphs

Teorema (Myerson, 1977)
Given a characteristic function game v € GV, there is a unique fair
allocation rule Y : GR — R". This fair allocation rule satisfies, for every
g € GR,

Y(g) = Sh(v/g)
where the game (v/g) € GN is defined for all S C N, as
(v/g)(8) = > v(T).

TeS/g
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» Definicién
Given v € GV and a € (0, 1], we say that a rule Z : GR — R" satisfies

minimum payoff in H C GR if and only if
Zi(g) =z a(v/g)(N)

for every g € GR and i € N.
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Games with cooperation graphs

» Definicién
Given v € GM and a € (0 } we say that a rule Z : GR — R" satisfies
minimum payoff in H C GR if and only if

Zi(g) = a(v/g)(N)
for every g € GR and i € N.
» Definicién
A semi-allocation rule with respect to o € (0, %] for ve GV, is a
function Z : GR — R" such that

Y Zi(g) = v(S) +als(v/g)(N) — nv(S)]

i€eS

for every g € GR and every S € N/g.
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» Teorema
Givenv € GN and o € (O, ﬂ there is a unique fair semi-allocation rule
with respect to o, Z : GR — R". It is given by

Zi(g) = (1 — an)Shi(v/g) + a(v/g)(N)

for every i € N and every g € GR.
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» Teorema
Givenv € GN and o € (O, ﬂ there is a unique fair semi-allocation rule
with respect to «, Z : GR — R". It is given by

Zi(g) = (1 —an)Shi(v/g) + a(v/g)(N)
for every i € N and every g € GR.

» Corollary
Given v € G" and o € (0, 2], the semi-allocation rule with respect to o

Zi(g) = (1 — an)Shi(v/g) + a(v/g)(N)

satisfies a-minimum payoff in H = {g € GR | v/g € GI'}.
Moreover, if v € G J’r\’ then the semi-allocation rule with respect to o, Z,
satisfies a-minimum payoff in GR.
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